Galilean genesis is an alternative to inflation, in which the universe starts expanding from Minkowski with the stable violation of the null energy condition. In this paper, we discuss how the early universe is reheated through the gravitational particle production at the transition from the genesis phase to the subsequent phase where the kinetic energy of the scalar field is dominant. We then study the consequences of gravitational reheating after Galilean genesis on the spectrum of primordial gravitational waves. The resultant spectrum is strongly blue, and at high frequencies Ωgw ∝ f 3 in terms of the energy density per unit logarithmic frequency. Though this cannot be detected in existing detectors, the amplitude can be as large as Ωgw ∼ 10 −12 at f ∼ 100 MHz, providing a future test of the genesis scenario. The analysis is performed within the framework of generalized Galilean genesis based on the Horndeski theory, which enables us to derive generic formulas.
I. INTRODUCTION
Inflation [1, 2] is now the standard model of the early universe, solving the problems that Big Bang cosmology faces and explaining the origin of large scale structure in the way consistent with observations. However, the inflationary universe still suffers from the problem of initial singularity [3] as long as the null energy condition (NEC) is satisfied. To circumvent the singularity, alternative scenarios such as the bouncing models [4] [5] [6] [7] have been proposed so far, but a majority of the alternative models are unstable due to the violation of the NEC. Recently, an interesting class of scalar field theories called the Galileon has been constructed [8] and various aspects of the Galileon theory have been explored extensively in the literature. One of the most intriguing nature of this theory is that the null energy condition can be violated stably 1 . Thus, the Galileon opens up a new possibility of stable, singularity-free models alternative to inflation [10] [11] [12] [13] [14] [15] , as well as stable NEC violating models of dark energy [16] and inflation [17] .
In this paper, we consider an initial phase of NEC violating quasi-Minkowski expansion driven by the Galileon field as an alternative to inflation. The scenario is called the Galilean genesis [18] , and different versions of genesis models can be found in Refs. [19] [20] [21] [22] . The purpose of the present paper is to address how the genesis phase is connected to the subsequent hot universe through the reheating stage. In the case of inflation, reheating usually proceeds with coherent oscillation of the scalar field at the minimum of the potential and its decay. However, the scalar field that drives Galilean genesis does not have the potential. The situation here is similar to that in kinetically driven inflation models such as k- [23] and G- * Email: sakine"at"rikkyo.ac.jp † Email: tsutomu"at"rikkyo.ac.jp 1 See Ref. [9] for a subtle point beyond linear perturbations.
inflation [17] . We therefore consider reheating through gravitational particle production [24] . Reheating after Galilean genesis has also been discussed in Ref. [25] . See also Refs. [26] [27] [28] [29] for the other aspects of genesis models.
The exit from k-and G-inflation is accompanied by the kination phase, i.e., the phase where the kinetic energy of the scalar field is dominant. Similarly, the kination phase can also be incorporated at the end of Galilean genesis as we will do in this paper. The primordial gravitational waves that re-enter the horizon during this kination era have a blue spectrum, giving enhanced amplitudes at high frequencies [30] . In addition to this, the primordial spectrum of gravitational waves is expected to be blue due to NEC violating quasi-Minkowski expansion in the earliest stage of the universe. The combined effect will therefore give rise to strongly blue gravitational waves. In the second part of this paper we evaluate the spectrum of gravitational waves generated from Galilean genesis and explore the possibility of testing this alternative scenario e.g., with the advanced LIGO detector.
In the previous paper [31] , we have developed a general framework unifying the original genesis model [18] and its extensions [19] [20] [21] [22] , using which we have derived the stability conditions and primordial power spectra of scalar and tensor perturbations. The framework is based on the Horndeski theory [32] [33] [34] , the most general secondorder scalar-tensor theory in four dimensions. We use this general framework also in this paper.
The plan of this paper is as follows. In the next section, we review the Galilean genesis solution and its generalization. In Sec. III, we investigate the creation of massless scalar particles after Galilean genesis and compute the reheating temperature. Using the result of Sec. III, we then evaluate the power spectrum of gravitational waves in Sec. IV. We present some concrete examples and discuss the detectability of the primordial gravitational waves in Sec. V. Finally, we conclude in Sec. VI.
II. GENERALIZED GENESIS SOLUTIONS
Galilean genesis was originally proposed by Creminelli et al. [18] , and several versions of genesis models have been considered so far [19] [20] [21] [22] . In the Galilean genesis scenario, the universe starts expanding from Minkowski spacetime with a stable violation of the null energy condition. In the previous work [31] , we have constructed a unified description of those genesis models based on the Horndeski theory and named the scenario generalized Galilean genesis. The Lagrangian of the Horndeski theory is given by [32] [33] [34] 
where
This Lagrangian gives the most general second-order field equations for the metric and the scalar field. Generalized galilean genesis is obtained by taking the four functions in the Horndeski Lagrangian (1) as
where α (> 0) and λ are constant parameters, M Pl is the Planck mass, and each g i (i = 2, 3, 4, 5) is an arbitrary function of
The above Lagrangian admits the generalized genesis solution for the scalar field and the cosmic scale factor a(t),
where Y 0 and h 0 are constants determined in the way explained below and H := d ln a/dt is the Hubble parameter. The proper time coordinate t lies in the range (−∞, 0), and the scale factor approaches to a constant value a G as t → −∞. Thus, this solution describes a universe that starts expanding from Minkowski in the asymptotic past. The parameter α controls the expansion rate. It has been shown in [31] that the generalized genesis solution is an attractor for a wide range of initial conditions. Note that one may take a G = 1, though we do not do so in this paper because we would rather normalize the scale factor to be unity at the present epoch.
Note also that the above solution is the approximate one valid for
The background evolution begins to deviate from the above solution when h 0 /(−t) 2α ∼ 1, and one need to invoke a numerical calculation for a later epoch. To make the calculations tractable analytically, in this paper we impose the technical assumption that the genesis phase terminates before Eq. (7) is violated. Denoting the Hubble parameter at the end of genesis by H * , the condition (7) can be written as
or, equivalently,
where t * is the proper time at the end of the genesis phase. This inequality defines the range of validity of our computation.
The constants Y 0 and h 0 are consistently determined from the Friedmann and evolution equations,
The stability condition for tensor perturbations requires G(Y 0 ) > 0, so that the NEC violating background can be obtained ifp(Y 0 ) < 0. One sees from (11) that
Since h 0 has the dimension of [mass] −2α , it is convenient to introduce the dimensionless quantity h 0 defined as
Let us summarize here the stability conditions derived in Ref. [31] . For the stability of tensor perturbations, we have to impose
Scalar perturbations are stable if
where ξ is defined as
The universe must eventually be connected to a radiation dominated phase. In standard inflationary cosmology, the inflaton field oscillates about the minimum of the potential and reheat the universe. The radiation dominated universe follows after this reheating stage. However, the Lagrangian for generalized Galilean genesis does not have the potential term and hence conventional reheating would not be suitable for the genesis scenario. This is also the case for k-inflation [23] . In this paper, we therefore explore the possibility of gravitational reheating after the genesis phase, i.e., reheating via gravitational particle production at the transition to the intermediate phase where the kinetic energy of the scalar field is dominant (the kination phase). See [25] for preheating after Galilean genesis via a direct coupling between the scalar field and the other fields. Note in passing that we have another possibility that the genesis phase is followed by inflation [26] [27] [28] . The inflationary stage is then naturally described by k-or G-inflation [17] , so that also in this case we employ gravitational reheating. In this paper, we do not consider this latter possibility and focus on the scenario in which the genesis phase is followed by the intermediate kination phase and then by the radiation dominated phase.
III. GRAVITATIONAL PARTICLE PRODUCTION AFTER GENERALIZED GALILEAN GENESIS
As argued at the end of the previous section, we consider gravitational particle production after the genesis phase. To realize the background evolution suitable to this reheating mechanism, we assume that the Lagrangian of the form (2) is only valid until φ (which is increasing during the genesis phase) reaches some value, φ * , and for φ > φ * the Lagrangian is such that the kinetic energy of φ decreases quickly to make only the standard kinetic term X relevant in the Lagrangian:
Pl /2)R + X. The genesis phase thus terminates and is followed by the kination phase where 3M
The basic scenario here is essentially the same as those at the end of k-and G-inflation [17, 23] described in some detail in [35] . We do not provide a concrete model realizing this because it is reasonable to presume that this is indeed possible by using the functional degrees of freedom in the Horndeski theory, 3 and
2 The necessary requirement here is that the energy density of φ dilutes more rapidly than that of radiation. We assume the kination phase just for simplicity. 3 We assume the particular form of the Lagrangian (2) only during the genesis phase. At the very end of genesis, the Lagrangian also because particle creation is only sensitive to the evolution of the scale factor but not to an underlying concrete model of generalized Galilean genesis. Note that in many cases it is likely that perturbations become unstable at the transition between the two phases. Even if this occurs we can solve the issue by using the idea in Ref. [28] , though one must go beyond the Horndeski theory to do so. Let us consider the creation of massless, minimally coupled scalar particles at the transition from the genesis phase to kination. The created particle is denoted by χ, whose the Lagrangian is given by
Its Fourier component, χ k , obeys
where a dash stands for differentiation with respect to the conformal time η. Since a ≃ a G = const in the genesis phase, we have η ≃ t/a G and hence η = −∞ corresponds to the asymptotic past. We write the solution using the Bogoliubov coefficients as
and impose the boundary conditions that α k → 1 and
The energy density of the created particles can be computed as
and this can be recasted to
with f (η) := a
In the genesis phase, we have
with η * := t * /a G , while in the subsequent kination phase a ∝ (η + const) 1/2 and hence f is of the form
where c 0 and c 1 are to be determined by requiring that f and f ′ are continuous at η = η * . Under this "sudden transition" approximation, f ′′ is discontinuous and consequently V is also discontinuous at η = η * . Due to this discontinuity, the integral (25) diverges, which is unphysical. To avoid divergence, we insert a short stage having a time scale ∆η in between the genesis and kination phases, and join the two phases smoothly. The idea here is also employed in connecting inflation to the radiation/kination phase smoothly [24, 35] .
Thus, we make the ansatz
after the end of genesis, and determine the six coefficients by requiring that f , f ′ , and f ′′ are continuous at η = η * and η = η * + ∆η. This allows us to obtain continuous V and hence finite ρ χ . For the current purpose we do not have to write b 0 , b 1 , b 2 , and b 3 explicitly, but we only need
Now we have
and |V | ≪ V (η * ) for η > η * + ∆η. To evaluate the integral (25) , it is sufficient to approximate V as a straight line for η * < η < η * + ∆η. Thus,
The main contribution to the integral (25) comes from the region η * < η < η * + ∆η where V ′ gets much larger than in the genesis and kination phases. Performing the integral in this domain, we obtain
A logarithmic divergence is now manifest in the sudden transition limit, ∆η → 0. In the case of the smooth 
is a number of O(1). This result is in contrast to that in the inflationary scenario, where the energy density of the created particles is simply given by ρ χ ∼ H 4 inf /a 4 , with H inf being the inflationary energy scale. We may also write ρ χ as
where δ * is defined as
This second expression shows that actual ρ χ is much larger than the naive estimate deduced from the case of inflation, ρ χ ∼ H 4 * (a G /a) 4 . The reheating temperature T R is determined from ρ χ = ρ φ , where ρ φ is the energy density of the scalar field after the end of genesis,
The scale factor at the time when ρ χ = ρ φ occurs, a R , is given by
Since a R > a G , we have the condition
Equating the radiation energy density at a = a R to (π 2 g * /30)T 4 R , where g * is the effective number of relativistic species of particles, we obtain
This result is again in contrast to that in the inflationary scenario, where T R ∼ H 2 inf /M Pl . One can also write T R as
From this one can clearly see that the reheating temperature is much higher than the naive estimate deduced from inflation, T R ∼ H 2 * /M Pl . In other words, for a fixed reheating temperature, the Hubble parameter at the end of genesis is smaller than the corresponding inflationary value.
IV. THE SPECTRUM OF PRIMORDIAL GRAVITATIONAL WAVES
Having obtained the background evolution in the previous section, let us discuss the spectrum of primordial gravitational waves from generalized Galilean genesis. As expected from the null energy condition violating nature of the scenario, generated gravitational waves exhibit a blue spectrum and hence are relevant only at high frequencies.
The quadratic action for the gravitational waves in generalized Galilean genesis is [31] 
where c 
and λ is omitted here and hereafter. From Eq. (46) it can be seen that the gravitational waves freeze not at |c t kη| ∼ 1 but at later times, |c t kη| ∼ h 0 /(−a G η) 2α ≪ 1. The WKB solution for the subhorizon modes is given by
Since a ≃ a G , the power spectrum is already constant at early times,
After each mode exits the "horizon" and ceases to oscillate, this amplitude is retained, as illustrated by the numerical example in Fig. 1 . Thus, the power spectrum of the primordial gravitational waves evaluated at the end of the genesis phase is given by In contrast to the gravitational waves from inflation, the primordial spectrum is blue, and hence gravitational waves could be relevant observationally only at high frequencies. The density parameter for the gravitational waves per log frequency interval, Ω gw , evaluated at the present epoch is given by
where H 0 is the present value of the Hubble parameter and the power spectrum P h characterizes the present amplitude of the gravitational waves. Since h k = const on superhorizon scales and h k ∝ a −1 after horizon re-entry, we have
where a k is the scale factor at horizon re-entry and a 0 (= 1) is the scale factor at present. Suppose that a mode with wavenumber k re-enters the horizon at the epoch characterized by the equation-ofstate parameter w. Since k = a k H k , where the Hubble parameter at horizon re-entry obeys H k ∝ a
In our scinario we have the kination phase (w = 1) after the end of genesis and subsequently the conventional radiation and matter dominated phases. Thus, we obtain where we write
Here, the wavenumbers k * , k R , k eq , and k 0 correspond to the modes that re-enter the horizon at the end of genesis, at the reheating time, at the epoch of matter-radiation equality, and at the present epoch. Explicitly, we have
It is also useful to write
where we used the fact that the Hubble parameter at the reheating time, H R , follows from H R = H * (a G /a R ) 3 . In terms of the frequency, k R corresponds to
Using (57) one can also write f * . A schematic picture of Ω gw as a function of the frequency f is shown in Fig. 2 . This should be compared with the standard prediction from inflation, where one has a flat spectrum for f eq < f < f R [40] . To see the possibility of detecting the gravitational waves from generalized Galilean genesis, let us evaluate Ω gw at k = k R and k = k * . For simplicity, we assume that G = M 2 Pl and c t = 1. This is exact for g 5 = 0 models, and extending the following estimate to the g 5 = 0 case is straightforward. Then, it can be seen from Eq. (53) that
where we used k 0 = H 0 . The ratio a R /a G (> 1) itself depends on H * and model parameters through Eq. (40) . At this stage it is instructive to compare those results with the flat spectrum in the inflationary scenario,
For fixed T R , it follows from Eq. (43) that H * < H inf . This shows that Ω gw (k R ) in generalized Galilean genesis is smaller than the inflationary prediction for fixed T R . However, this does not hold true for Ω gw (k * ). Now, by the use of Eqs. (40) and (42) we obtain
and
In the frequency range f R < f < f * , we have
One could enhance Ω gw by taking large h 0 , but too large h 0 would violate Eq. Note that the right hand side is independent of α and the reheating temperature. To generate a higher amplitude of the gravitational waves, one would relax the limitation imposed by Eq. (8).
In the above argument we have assumed c t = 1 for simplicity, but it is worth noting that we can enhance the amplitude of the gravitational waves by assuming that c t < 1.
V. EXAMPLES
To be more specific, let us move to the discussion of concrete examples in the this section.
A. The original model of Galilean genesis
First, we apply the above results to the original model of Galilean genesis [18] , which corresponds to the α = 1 case. The original model is given by choosing the arbitrary functions and parameters in (2) as
where µ and Λ are the parameters having the dimension of mass. Note that φ is taken to be dimensionless and so
It is easy to verify that the model satisfies the stability conditions for scalar and tensor perturbations. From Eqs. (10) and (15) we find
Assuming that A = O(1), the reheating temperature can be written as
The condition that the analytic approximation for the genesis background solution is valid, Eq. (8), translates to
while a R /a G > 1 yields
T R 10 10 GeV 
The density parameters at k = k R and k = k * are given respectively by Hz.
In the frequency range f R < f < f * we have
(74) Figure 3 shows the examples of the power spectra compared with the anticipated sensitivity of the advanced LIGO. We consider two different reheating temperatures. One is T R ∼ 10 10 GeV and it follows from Eq. (58) that the corresponding frequency is given by f R = 100 Hz. In this case, the amplitude is too small to be detected by the advanced LIGO. The other is as high as T R ∼ 10
16
GeV, giving f R = 100 MHz. Also in this case it is unlikely to be able to detect the primordial gravitational waves at f = 100 Hz. In both cases we have Ω gw ∼ 10
at f = 100 MHz, as can be seen directly from Eq. (65). The gravitational reheating stage after Galilean genesis could therefore be probed by the gravitational waves at very high frequencies. As a second example, let us consider the case of α = 2. This class of models is of particular interest because it gives rise to a scale-invariant spectrum of the curvature perturbation [19, 31] . The Lagrangian is given in a similar form to the previous example by
but now α = 2. It follows from Eqs. (10) and (15) that
The reheating temperature is obtained as
Equation (8) 
The density parameters at k = k R and k = k * are computed respectively as
with the corresponding frequency f * = 10 The basic conclusions for the α = 2 model is the same as those for α = 1, as presented in Fig. 4 . Though detectable gravitational waves are not expected in the sensitive bands of, say, the LIGO detector, Ω gw is enhanced at high frequencies up to the model independent value as shown in Eq. (65) and Ω gw ∼ 10 −12 at f = 100 MHz under the optimistic choice of the parameters.
Since the α = 2 model can generate scale-invariant curvature perturbations, let us now consider consistency between the above optimistic estimate of Ω gw and the prediction for the curvature perturbations. The power spectrum of the curvature perturbation ζ evaluated at the end of Galilean genesis is given by [31] 
where in the present model it is found that c s = √ 3 and A = (100/9)(M Pl µ 2 /Λ 3 ) 2 . For simplicity we assume that the evolution of ζ in the post-genesis phase is negligible. We can write t * in terms of T R to obtain
Using P ζ ∼ 10 −9 , the parameters are fixed as
This gives smaller values of M Pl µ 2 /Λ 3 than the most optimistic ones used in Fig. 4 . For T R ∼ 10 10 GeV we have Ω gw ∼ 10 −13 at f = 100 MHz. If one would use the curvaton mechanism to produce the observed spectrum of the curvature perturbation even in the case of α = 2, one has P ζ < 10 −9 but then M Pl µ 2 /Λ 3 < 10 4 (T R /100 GeV) −3 .
VI. CONCLUSIONS
In this paper, we have studied the reheating stage after the initial quasi-Minkowski expanding phase and its consequences on the primordial gravitational waves. The initial stage was described in a unified manner as generalized Galilean genesis [31] in terms of the Horndeski scalar-tensor theory. Since the scalar field does not have a potential in which it oscillates, we have considered reheating through the gravitational production of massless scalar particles at the transition from the genesis phase to the kination phase. To avoid an unphysical diverging result which would come from a sudden transition approximation, we have followed the previous works [24, 35] and considered a smooth matching of the two phases. We have computed in that way the energy density of created particles and the reheating temperature. In the case of gravitational reheating after inflation, it is known that the created energy density is given by ∼ H 4 inf , where H inf is the inflationary Hubble parameter [24] . We have shown that the energy density of massless scalar particles created after Galilean genesis is not simply given by the naive replacement, ∼ H 4 * , where H * is the Hubble parameter at the end of the genesis phase, but rather by a more involved form which depends on the model parameters as well as H * . In particular, it has been found that for the same reheating temperature the Hubble parameter at the end of genesis is smaller compared with the corresponding value in the inflation scenario.
We have then discussed the spectrum of the primordial gravitational waves from generalized Galilean genesis. The combined effects of the quasi-Minkowski expanding background and the kination phase give rise to the blue gravitational waves, Ω gw ∝ f 3 , at high frequencies, while their amplitude is highly suppressed at low frequencies in contrast with the inflationary gravitational waves. Unfortunately, the expected amplitude is too small to be detected in the sensitive bands of the advanced LIGO detector. However, it is possible to have Ω gw ∼ 10 −12 at f ∼ 100 MHz. Thus, the primordial gravitational waves having a spectrum Ω gw ∝ f 3 at f 100 MHz and the lack thereof at low frequencies would offer an interesting test of Galilean genesis in future experiments.
Finally, let us comment that the equations of motion for a massless scalar field and gravitational waves are practically the same, though we have discussed the particle production of the former on subhorizon scales while the latter cross the horizon. This implies that the gravitons can also be generated on subhorizon scales at the transition between the two phases in the same way as the massless scalar field, and this concern must be taken care of in the gravitational reheating scenario.
